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Abstract. This paper investigates the functional-differential operators with an involution
defined on the four edges of the graph, three of which form cycle. Get boundary value problem
for the resolvent operator , investigated the regularity of the boundary conditions, the necessary
evaluation of the resolvent. Received teoerema uniform convergence of expansions in eigenfunctions
of the operator with trigonometric Fourier series.
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We consider a connected geometric graph I', consisting of four edges, three of which form
a cycle. A vector approach is used [1], when each edge of the graph is parametrized by a segment
[0,1], and a function on a graph is understood as a vector function y(z) = (y1(), y2(z), y3(z), ya(x))"
(T- transposition sign ), component of which y,(x), corresponding to the k-th edge is a scalar
function on the interval [0, 1]. In accordance with this approach, we set on I' the following

statement:

aryy(z) + Bryi (1 — z) + pia(z)y1(2) + pra(@)yi (1 — )

Oégél' 221—5(] 21\ ) Y2\ T 22\ L 21-[['

(Ly)(@) = Y5(2) + Bays (1 — @) + par (2)y2(2) + paa(@)ya(l — ) )
)
)

sy (x) + By (1 — ) + par(2)ys(x) + psa(2)ys(1 — x)

Ya(@) + p(e)ya(2)

(Ly)(z) = (Li(y1), la(y2), Is(ys), La(ya))"

Y4(0) = y2(1),y3(0) = ya(1), 42(0) = y3(1), y1(0) = v4(0), (2)
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where af < (%, k = 1,3,pr;(z) € C'0,1] .Boundary conditions (2)are generated by the
continuity condition at internal nodes I' . Thus, we will consider the case of a graph of four
edges, when functional differential operators are given on three edges, including the edge that
is not included in the cycle, and on one edge, an ordinary differential operator of the first order.
Operator (1) with general boundary conditions U(y) = 0 belongs to the class of functional-
differential operators with involution, the study of which has received intensive development.

The paper investigates the issues of convergence of expansions in terms of eigenfunctions
and associated functions of the operator . An equiconvergence theorem with a trigonometric
Fourier series is obtained.

The method of counter integration of the resolvent of the operator is used L . Namely, if
S.(f,z) - partial sum of the Fourier series of the function f(z) by eigenfunctions and associated

functions of the operator, including terms for which |A;| < 7, Ay -eigenvalues, then

S.(fr) = ——— [ (Baf)()dA

270 Jizj=r
Where R, - operator resolvent L
1. To construct and study a boundary value problem for Ry Let’s use some results from [8].
Let y = Ry f where Ry = (L—\E)~! — operator resolvent L, y(z) = (y1(z), y2(z), y3(x), ya(x))7,

f(x) = (fi(z), falx), f3(x), f4(x))T. Then for y(x) we have the following system

ary () + Pryi (1 — 2) + pu(e)yi (z) + pra(@)y (1 — ) = (@) + fi(2), (3)
oy (x) + Baya(L — ) + pon (2)ya(2) + p2(2)ya(1 — 7) = Aya(2) + fa(2), (4)
asys(x) + Psys(1 — x) + psi(2)ys(x) + ps2(2)ys(1 — ) = Ays(x) + fs(2), (5)

V(@) + p(@)ya(z) = Aya(@) + fa(z), (6)

subject to boundary conditions (2).

Consider the following boundary value problem in the space of vector functions of dimension

Q7' (z) + P(x)z(z) = Az(x) + m(x), (7)
Myz(0) + M;z(1) = 0, (8)
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where Q = diag(@la Q27Q37Q4)7 P<$) - dl&g(Pl(iE),Pg(.fL"), P3($)7 P4(x))>

ar —B ar —f ay  —f as —[f33

Qr = Q1= Q2 = Q3 = Qs =1

Bk —oay B —aq B2 —an B3 —ag

. P () Pia(z) _
P(z) = diag(P(z), Py(x), Ps(x), Py(z)), tae Py(x) = Jk=1,3

Pkg(l — $> Pkl(l — LE)
Py = (p(x)), m(z) = (ma(2), .., mz(2))", mu(2) = fi(2), ma(z) = fi(1-2),ms(z) = fo(z), ma(z) =

fo(1—x),ms(x) = f3(x), me(z) = fs(1—x), ms(x) = fi(x), My, M; square matrices of dimension
7, and (Mo)ir = (Mo)as = (Mo)az = —(Mo)as = (Mo)s1 = —(Mo)s7 = (Mo)es = —(Mo)7ra =
L, —(Mi)1s = —(My)er = —(My)ss = (Mi)er = (Mi)72 = (M7)aa = 1, other elements (My);; =
0.

Lemma 1. If \ is such that Ry exists and y = Ryf, mo z(z) = (z1(x), ..., z:(z))" |
where z1(x) = y1(x), 22(x) = p(1 — ), 23(x) = 1a(2), 24(x) = (1 — ), 2(2) = ys(2),
z6(x) = ys(1 — 2),27(x) = ya(x), is the solution (7)-(8). Conversely, if z(x) satisfies (7)-
(8), the corresponding homogeneous problem has only a trivial solution, then Ry exists and
(BAf)(@) = (y1(2), -, ya(2))T, that yi(z) = z1(2), ya(r) = 23(2), y3(x) = 25(2), ya (@) = 27(2).

Diagonalizing the problem (7)-(8), we get
W () + P(z)u(z) = ADu(z) + m(z), (9)
Mou(0) + Myu(1) =0 (10)
where ﬁ(m) = diag(ﬁl(x), ]Sg(x), ]Sg(x), }N74(x), ]Sk(x) = Bk_lQ;lPk(a:)Bk,
D = diag(Dy, Dy, Ds, Da), Dy = diag(i/~/dy, —i/\/di), di = B} — f, k = 1,3, Dy = 1,
m(z) = diag(By'Qr, By 'Qy ", By ' Q3. By 'Qy )m(x),
M, = My,B, B = diag(By, Bs, By, By), B, = by, = Wdte] T3 B, =

by 1
To obtain asymptotic estimates for the solution of the boundary value problem (9)-(10) the

system is being transformed (9), replacing a nonzero matrix P(z) to a matrix with elements

OY) (9], with.48-58).



Let’s put Hy(x) = diag(Ho (z), Hoe(z), Hos(x), Hoa(x)), Ho1(x) = diag(hy(x), ha(x)) Hea(x) =
diag(hs(x), ha(x)), Hos(x) = diag(hs(x), he(x)), Hoa(x) = (h7(x)), hi(x) = exp{— [; Pu(t)dt};_17

and p;; —diagonal matrix elements P(z); Hy(z) = diag(Hy1 (x), Hi2(2), His(z), His(z)), where

Hyy = 0 a Hy(z)(k = 1,3)— codigonal matrix , which is the only solution to the matrix

equation: H), (x) + Py(x)Hop, + (Hyg(2) Dy, — DyHyp(z)) = 0. Since the elements of the matrix

P(z) and correspondingly P(z) belong to space C'[0,1] , then the elements H;(z) out of space
C10,1] , a Hy(x) - from C?[0, 1].
Theorem 1. transformation z(x,\) = BH(z, \)v(z), where H(x,\) = Ho(z) + \"'Hy(z),
leads the system (7)-(8) to the mind
v'(x) + Pz, \)v(x) = ADv(z) + m(x, \), (11)
M())\U(O) + Ml)\’ll(l) =0 (12)
where P(z,\) = A\ H ' (z, \)[H}(z) + P(z)Hy(z)], m(z,\) = H (2, \)in(z),
Moy = MoBH(0, ), My = My BH(1, \).
2. Consider first a boundary value problem:
w'(z) = ADw(z) + m(z, ), (13)
Uy = Moyw(0) + Myyw(1) =0 (14)
MO == M()BH()(O), Ml == MlBHO(1>

where m = (my, ..., m7), mi(z) € L[0,1], D = diag(wy, ..., wr)

w1 :i/\/d_17w2 = _Z./\/d_hw?) :i/\/d_27w4 = —i/\/d_Q,W5 :i/\/d_3,006 = _i/\/d_37w7 = 1.

General system solution (13) looks like

wy () = dogwg () + me(x), bk =1,7 (15)

Decision of the relevant (15) homogeneous equation is

wy (1) = cper”.
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The method of variation of an arbitrary constant is used to find the general solution (15)
wg(z) = CpeR” +/ e’\w’“(’”’t)mk(t)dt. (16)
0

If Relwy, > 0, then the second term has an exponential growth at |A\| — oo.

In this case, the transformation is applied fox = fol — le . Then
wy () = Cpe T —/ AR@ =D, (1)dt. (17)
0

To write the solution of the equation (13) in vector-matrix form, we introduce the following

( /\wlx )\wlx)

matrices and vectors: V(x,\) = diag ,c = (c1,...,c7)T — arbitrary Vector,

g(x,t,\) = diag(gy(z,t, ), ..., gr(z, 1, N), gr(x, t, \) = e(z, 1) @D if Redwy <0, grl(x,t, \) =
—e(x, 1)@ if Redwy, > 0,e(x,t) = 1, if o > t,e(x,t) = 0 if # < t. Then the general

solution of the system (13) looks like:

w(x, ) =V(z,\) + /01 gz, t, \)ym(t)dt. (18)

Subordinating it to the boundary conditions (14) we obtain the following result.
Lemma 2. If such that the matriz A(\) = U(V (2, \)) = MOV(O, )\)—i—MlV(l, A) is reversible,
then the boundary value problem (13)-(14) is uniquely solvable for any m(x) with components

from L[0,1], and its solution is:
w(z, A) = Rim(z) = =V (2, VAT (AU (gam(@)) + gam(z), (19)

Where gym(x fo z,t, \Ym(t)dt, U(gym(x)) = fol Us(g(z, t, \))m(t)dt, (U, means that U

It applies to g by variable z). From the boundedness of the matrix components g(z, ¢, A) then
should

Lemma 3. There are estimates:

lgxm(2)|lo. = Olmlly), IU(grxm(x))]l. = O(Iml],),

Where ||.|| (||.ll;) — norm in the space of a vector function of dimension 7 with components

from Lo (Ly).



Just like in [8] it can be shown that for the determinant §(\) = detA(\) the following

asymptotic representation is valid:

detA()\) = Al()\)e)‘(w1+“3+w5+w7) + A2<)\)6>\(w1+w3+w5) + A3(>\)6)\(w2+w4+w6)+

45
+A4(}\)6)\(w2+w4+w6+w7) + Z Ak(A)eA(akw1+bkw3+ckw5+dkw7)
k=5

Where Ap(A\) = vp+O (A1), k = 1,4, 11 = bibybshs(1)hs(1)h7(1), vy = —(b1byb3)*hs(1)hs(1)hy(1)

vy = —ho(1)hy(1)he(1), vy = —bibabsha(1)hy(1)he(1)h7(1), and vy, # 0; Ax(N) = O(1), k =

5,45, apw; + bpws + cpws + dpwy - various combinations, ( numbers ag, by, ¢k, dy is 0, 1, or -1 .)
Next, we assume Re\ > 0,ImA > 0 that , (other cases are treated similarly). Then

detA(N) = eMwrtwstwston) P()) | where
44
T(/\) — A4<>\) +A1(/\)6—2>\(W2+W4+w6) _|_A3(/\)e—>\w7 _|_ZAk(A)eA(akwl"FkaS"FCkWS"deW?)
k=5

is a quasipolynomial that has a countable number of zeros ([10, c. 113, lemma 1]) , all of them are
in stripes along the imaginary and real axes, and in any rectangles |Re\ —t| < 1,[ImA —t| <1
corresponding bands, their number is limited by some constant independent of ¢. Let us cut
out these zeros from the complex plane together with circular neighborhoods of the same
radius dyp. Denote the resulting region Sj,. Then in S5, at ReX > 0, Redw > 0 fair assessment
[6(N)| > ¢ ‘e’\(”2+w4+w6+w7)| :

Hence and from the evaluation of the elements of the matrices A~*(\) and V' (x, \) then

Lemma 4. If z € [5,1 — 0] (6 € [0,1/2)), then the components 1;;((x,\))],_, matrices
V(z,\)A7Y(N), in area Ss, have the following scores: nij(x, \) = O(e ™), i =1,7 , j =1,7.

With the help of Lemmas 2, 3 and 4, as well as Theorem 2 from [6], proves

Lemma 5. In area S, at large |\| estimates are the right hand side fair
[Rvmllo = O(Imll,), (20)

|Rixgllo = O, (21)

Where @(x) vector function, each component of which is a function of bounded variation.



Lemma 6. In the area of S5, at the large |\| boundary value problem (11)-(12) is uniquely

solvable, and for its solution w(x, \) = Rixm fair assessment
[Rumll = Olmlly), [Rime()|l, = O(1/A),

where @(x) - vector-function, each component, which is a function of limited variation.

Proof. According to (19)
w(x, \) = Riym(z) = =V (z, AT N Uy (gam(z)) + gam(x).

By virtue of Lemma 4, the components of the matrix V(xz, \)A™'(\) for ReAwy, > 0 There is
O(1).

From here and from the lemma3

[Bum = O(IU(gam(2))l..) + Olllgrm(z) ) = Ollmll,),

Let now m(z) = () — function , each component of which has limited variation. Components
grp () can be written in the form: le ek p(t)dt = [ e A (t)dt, Redwy, > 0 [ Ak p(t)dt =
f; e M@0k (1) dt, Redwy, < 0,k = 1,7 ¢(x) we now consider to be a scalar function of bounded

variation. We transform the first of these integrals using the integration-by-parts formula,

1 1 !
/ M@k o (1) ot — o d(e MR o(t) =
1 1
- [m)ew—“ — (@) + / e*“"“(’f‘”d@@)} -
k xX

From here, using the boundedness of the exponent and the total variation V' p = fol |dp(t)| we

have an estimate

/ M Tp(t)dt = O(1/A) + 0(1/>\/0 |dio()]) = O(1/A).

Similar estimates hold for the rest of the integrals. Thus,

grela) = O(3), Uloag(a)) = O(5).

The lemma is proven.



Lemma 7. If the components m(z) are functions of bounded variation, then
[Rivm — Roym|| o = O Iml]), [ Rixe — Raagll, = O(A72).

From Lemma 7, by the Banach-Steinhaus theorem, it follows

Lemma 8. For any function vector m(z) = (my(x),...,m7(x))T there is a ratio

lim ‘
r—00

/MT [H (2, \v(z, \) — Ho(x) Rux(Hy 'm)] dAH o

oo

(integration is carried out over contours that lie entirely in S, ).
3. To obtain the main result of the article (equiconvergence theorem), consider the following

boundary value problem:
o' (z) = ADu(z) + m(x), Up(u) = u(0) — u(1) = 0. (22)

Let us remove from, together with the circular neighborhoods of the radius, the eigenvalues 77of
the scalar boundary value problems: u}(z) = Awgug(x) + my(z), ur(0) — ur(1) = 0,k = 1,7,
and the resulting area will again be denoted S5, . Then in S5, problem (22) is uniquely solvable
and its solution is Rgym , which has the same form (19) as R;ym , with replacement U on U.

Lemma 9. If m(x) the same as in Lemma 8, then

H(z, \) [RinHy 'm — RoxHy 'm] dX

IAl=r

=0,

r—00
Cle,1—¢]

lim ‘

Where e € (0,1/2), and ||.||o1_ - norm in the space of continuous vector functions on
[e,1 —¢]. The proof repeats the proof of Lemma 13 from [6].
Lemma 10. For any function f(z) = (fi(z), fa(), f3(x), f1(z))T with components from
L]0, 1]

lim H/w:r [H(z,\)v(z, \) — Ho(x)Rox (Hy 'm)] dX =0, (23)

T—00

Cle,1—¢]
where is the solution of the problem (11)-(12), and the same as in (9).

Proof. Let us denote the integral in (16) through I. Let’s represent it as a sum [ =

[1 -+ IQ -+ [3, where

I = H(z,\) [v(z,A) — RinHy 'm] dX\, I = / H(z, \) [RinHy 'm — RoxHy 'm] d,

[Al=r [Al=r
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I3 = f|/\|:T,(H(a:, A) — Ho(z))RoxHy 'md) . By Lemmas 8 and 9, ||1;]|,, — 0, 2]l ey — O at
r — 00 .So that H(x,\) — Ho(x) = O(A7Y) and RoxHy 'm = O(|| f]l,)-, then || I3]|. = O(||fll,)-
If fi(x), (i = 1,2,3,4) are continuous functions of faceted variation, that RoyH, 'm = O(A™1)
and || I3]|,, = O(r~!') . Then, by the Banach-Steinhaus theorem ||I3]|, — 0, at r — oo. This
implies the assertion of the lemma. [

Denote by S,.(f,z) partial sum of the Fourier series of the function f according to s.p.f.

operator L for eigenvalues M, falling into a circle ||[A¢|| < 7; through 6, (f;,z) partial sum

2hkmiz | T

of the Fourier series of the function f; according to the trigonometric system {e oo 0
=—00

including terms for which |27k| < r;.
Theorem 2. For any vector function f(z) = (fi(x), f2(z), f3(z), f1(x))T with components

fi(z) from L[0,1], and for all e € (0,1/2)

lim HST(f7 ZL’) - (67’1(f17x),6r2(f27x)a6T3(f37x)’6T4(f47x)’ )THC[e,l—s] =0,

T—00

Where 1y = 1/v/dg,r4 =1,k =1,3.,dy = 37 — a3
Proof . From the lemma 1 Ry f = (z1(x, \), z3(z, ), 25(x, A), z7(z, \) T,
where z; - problem solution components (7)-(8). Taking into account Theorem 1 and Lemma
10,
1 1

(Sy(fix)) =—— z1(z, \)d\ = —— I(z)d\ + o(1) (24)
271 [A|=r 211 |A|=r

where Iy, is the first component of the vector BHy(x)RoyH, ' (x)m a o(1) — 0 at r — oo evenly

across = € [e,1 — €| . Compute [, . We have

I\(z) = (BHo(z)RoxHy *(2) B'Q 'm(x))y,
e m(:zc) = (fl(x)7 fl(l - l‘), fQ(x)me(l - f), f3($)7f3(1 - ZL’), f4(x))T : Assuming

BHy(z) = (7i(2))] jo1, Hy H(2) B~ = (8;(2))]

i,j=1 i,j=1

and given that

Rox = diag(RS, RS ..., RS, ),

Awr ! Awa ) Awr



(RY - resolvent of a scalar operator Loy = 3/, y(0) = y(1)) ,we find
_ 0 0
I =y Ry, (01191 + 01292) + Y1212y, (62191 + 02292),

where g1(2) = di ' [~ fi(z) + S fi(1 = 2)], ga(2) = di ' [=B1 fr(x) + ar fr(1 — 2)] . So that

1
o= [ (R,

270 Jzj=r 1 2m

Nix = Yo f0)— [ (P ==L

Awg

where 71 = r/y/d; . So we get

_ﬁ l|=r I/\(x)d)\ = \/ETl {’Yll[Um (51191, 37) + 0_7‘1(512927 33)] - 712[%1(52191, JU) + 0r1(52292, 513)]}
(25)
. Further, using the principle of localization and the Steinhaus theorem([11], ¢ 111), easy to get
what if a(z) satisfies the first-order Lipschitz condition, then
lov(af,z) — a(x)or(f, z)llcre1_q — 0, at v — oo for any function f(z) € L[0,1] . Hence,

(25) will go to

1 1
—— Iy(z)d\ =
21 |A|=r )\<m) i\/ dl

(6107, (f1: ) + O200, (fr, 7)) + (1) (26)

Where 61 = (712021 — 111011) + B1(712020 — 111012), 02 = (111012 — 112022) + S1 (711011 —
Y12021), fi(z) = f(1 — z). By directly calculating the elements vi;(x) and 6;;(z) , find that
0, =i/\/dy, 05 = 0 . Thus, from (24) and (26) we have (S,.(f,z))1 = o, (f1,2)+o0(1) . Similarly,
it is proved that (S,(f,))s = 0y, (fo, z) +0(1) where ry = rd//dy = (rv/dy)/v/di/dy = 1/\/ds
, at uniformly across x € [,1 — €] . For the third, fourth, components (S,.(f,x)) we have
(S (f,2))s = ory(f3,2) +0(1) , (Sr(f,x))a = 0r,(fs,2) +0(1) . This implies the assertion of the

theorem.
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